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ABSTRACT

A celebrated theorem of Buchweitz, Greuel, Knorrer, and Schreyer is that the hyper-
surface singularities of finite representation type, i.e. the hypersurface singularities
admitting only finitely many indecomposable maximal Cohen-Macaulay modules, are
exactly the ADE singularities. The codimension 2 singularities that are the analogs
of the ADE singularities have been classified by Frithbis-Krithger and Neumer, and it
is natural to expect an analogous result holds for these singularities. In this paper, I
will present a proof that, in contrast to hypersurfaces, Frithbis-Krithger and Neumer’s

singularities include a subset of singularities of infinite representation type.
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CHAPTER 1

INTRODUCTION AND NOTATION

The main theorem in this work follows in a long line of papers classifying rings based
on the Cohen-Macaulay representation type of the ring. In the first chapter, we will
go over some of these results, set up notation for the rest of the paper, and introduce
the family of singularities that this paper pertains to. First, we will review the main

definitions of the paper.

1.1 INTRODUCTION

Recall that a finitely generated module, M, over a Cohen-Macaulay local ring, (R, m),
is maximal Cohen-Macaulay if depth M = dim R. For an arbitrary Noetherian ring
we say a module is maximal Cohen-Macaulay if the localization at every maximal
ideal is a maximal Cohen-Macaulay module. This class of modules inherits many
properties of the ring it is over, making the study of this class of modules a tractable
way to study a ring. We say a local ring, (R, m), has finite Cohen-Macaulay represen-
tation type if there are only finitely many indecomposable maximal Cohen-Macaulay
R-modules, up to isomorphism. If there are infinitely many indecomposable non-
isomorphic maximal Cohen-Macaulay modules over a ring, we say the ring has infinite
Cohen-Macaulay representation type.

As mentioned above, there are many papers classifying rings based on Cohen-
Macaulay representation type, and we recall some of those results now. As with the
standard texts on this subject ([16],[17]), we will go over these theorems by increasing

order of dimension, and then go over the partial classifications in higher dimensions.



Most of these results are true over a more general field than C. However, since the

main theorem of this paper is over C, we will state these results over C as well.

Theorem 1.1 ([16]). A complete Artinian local ring, (R, m,C) has finite Cohen-
Macaulay representation type if and only if it isomorphic to a principle ideal ring,

i.e. R=C[x]/(z").

In the dimension 0 case, maximal Cohen-Macaulay means nothing more than
finitely generated. For this case we can list the set of maximal Cohen-Macaulay

modules.

Example 1.2. For the ring R = C[z]/(2"), the set of indecomposable maximal

Cohen-Macaulay R-modules is

{R,R/(x),...R/(z")} .

The ADE singularities are significant to the main result of this work and to Cohen-
Macaulay representation theory, in general. For that reason, we recall the definition

Nnow.

Definition 1.3. We say R is the local ring of an ADE hypersurface singularity, or
sometimes R is an ADE hypersurface singularity if R = Clx,y, z1, ..., z,]/(f), where

f is one of the following equations:

Type f

A "Myt 2 k>

Dy aFl4ay+ 224 4+ 22 k>4
Es 2*+yt+22+... +22
E: P+aypP+i4.. .+ 22
Ey 24y +22+...+22
Moving to Cohen-Macaulay representation type in dimension one, things are much

more interesting.



Recall in dimension one, a module is maximal Cohen-Macaulay if and only if it is

torsion-free, providing a well understood property to look for in modules.

Theorem 1.4 ([11]). A reduced complete dimension one local ring with residue field
C has finite Cohen-Macaulay representation type if and only if it is a finite birational

extension of an ADE hypersurface singularity.

Thus, in the reduced complete dimension one case, a ring has finite Cohen-
Macaulay representation type if and only if it is a birational extension of C[z,y]/(f),

where f is one of the following equations.

Type f

Ak Ik+1 +y27 k Z 1

Dy ol ay? k>4

Es 23+
E; 23+ ay?
Eg x3 + y5

The birational extensions of the ADE curve singularities are classified in [9]. There-
fore, we have a reduced complete dimension one local ring over C is finite Cohen-
Macaulay representation type if and only if it is the local ring of a curve singularity
of type Ay, Dy, Eg, E7, Es, Ax | L, Eg(1), E7(1), or Eg(1). The complete sets of inde-
composable maximal Cohen-Macaulay modules over the ADE curve singularities are
listed in [17] and [16]. Furthermore, the rank one indecomposable maximal Cohen-
Macaulay modules over the birational extensions are documented in [14]. We look at

one such example below.

Example 1.5. Let R = C[z,vy, z]/(xy,zz,yz). Then, R is the local ring of a type
Ay 'V L space curve singularity. In particular, R is a birational extension of the D,

curve singularity. Hence, R has finite Cohen-Macaulay representation type. The set



of indecomposable non-isomorphic maximal Cohen-Macaulay R-modules is

{R,(z+y,x+2),R/(x),R/(y), R/(2), R/ (x,y), R/(x,2), R/(y,2)} .
For dimension two rings of finite Cohen-Macaulay representation type, we have

the following result:

Theorem 1.6 ([1],[8]). If a dimension two complete Cohen-Macaulay ring, R, over
C has finite Cohen- Macaulay representation type, then R is isomorphic to the local
ring of a quotient singularity, i.e. R is isomorphic to Clu,v]¢ for some finite group

G C GLy(C).

Recall that in dimension two, being maximal Cohen-Macaulay is equivalent to
begin reflexive. As in the dimension one case, this provides a well studied condition
equivalent to maximal Cohen-Macaulay.

For dimension three and greater, there is no analogous classification to the results
above. However, we do have partial classifications for higher dimensional rings, two
of which we recall below.

Consider the matrix:
(1) 1) (r) (r)

To Ty Xy Ty
xgl) .. xgbll) . ai({) .. a:f[r)
7) . . . 1 T r
where each xg ) is an indeterminant. We say R = (C[[xé ), . ,x%ll), . ,x(() ), . ,xq(%)]]/],

where [ is the ideal generated by the determinants of the 2 by 2 minors of the matrix
above, is the local ring of the scroll of type (ny,...,n,), or just R is a scroll of type

(n1,...,n,). For scrolls we have the following classification:
Theorem 1.7 ([2]). The local ring of a scroll has finite Cohen-Macaulay representa-
tion type if and only if it is type (m), (1,1),0r (2,1).

The example below is of particular importance since it closely related to the family
of singularities we study in this paper, and it is one of the known dimension three

rings of finite Cohen-Macaulay representation type.



Example 1.8 ([2]). The type (2,1) scroll is defined as R = Clu, v, z,y, z] /I where

I is generated by the maximal minors of the matrix:

The complete set of indecomposable non-isomorphic maximal Cohen-Macaulay mod-

ules over R is
{R, (u, 7), (u?, uz, 2%), (2, y, 2), syzi (u?, uz, xz)} .

Finally, we have the most well known theorem for classification of rings based on

Cohen-Macaulay representation type:

Theorem 1.9 ([15],[4]). The local ring of a hypersurface singularity has finite Cohen-

Macaulay representation type if and only if the singularity is ADFE.

Thus, for R = C[xy,...z,]/(f), R has finite Cohen-Macaulay representation type
if and only if R is isomorphic to the local ring of an ADE hypersurface singularity.
This provides an example in every dimension of a ring with finite Cohen-Macaulay
representation type. More impressive is the fact that in dimension four and greater
these are the only known examples. Based on this result, we would expect the codi-
mension two analogs of the ADE singularities to have finite Cohen-Macaulay type.
The remainder shows that in codimension two, the analogs of the ADE singularities
have infinite Cohen-Macaulay representation type.

In the next section, we will introduce the analog of the ADE singularities in
codimension two, setup the notation for the rest of the paper, and give an outline of

the proof that these singularities have infinite Cohen-Macaulay representation type.

1.2 DEFINITIONS AND NOTATION

In 2010 Frithbis-Kriiger and Neumer published, [10], a classification of simple Cohen-

Macaulay codimension two singularities. In their paper, they showed that the family



of singularities, over Clu, v, z, vy, z], defined by the 2 by 2 minors of the matrix

x Yy z
)

u v f(z,y)

where f(x,y) is the defining equation of an ADE curve singularity, behave similarly
to the ADE hypersurface singularities. In fact, Frithbis-Kriiger and Neumer were able
to show that the deformation theory for these singularities is completely determined
by the choice of f(x,y). Thus, from a singularity theory perspective, this family of
singularities is the analog of the ADE hypersurface singularities in codimension two.
To illustrate what we mean by this, we consider the example below. Going forward,
we refer to the singularity defined by the 2 by 2 minors of the matrix above as: type
A when f(z,y) = aF + 2 (k > 1); type D when f(z,y) = o¥1 + a9 (k > 3);
type Eg when f(z,y) = 23 + y*; type E! when f(z,y) = 2° + xy?; and type E! when
f(x,y) = 2° +¢°. Similarly, if R is the local ring of an ADE? singularity, we will
identify R by its corresponding singularity type. For example, if R is the local ring

of an Eg singularity, we say R has type Eg.

Example 1.10. Consider f(z,y) = 2®+y?, the equation defining the A, hypersurface
singularity. Let F(z,y,t) = 23 +y* — tz? = 2*(x — t) + y*, where ¢ is considered as a

parameter. Looking at local rings we have for any non-zero value of t,

Cla,yl/F(x,y,t) = Cla, y] /(=* + ¢7),

since (z — t) is a unit in Clz,y]. Thus, Clx,y]/F(z,y,t) is isomorphic to an A;
singularity. Hence, we say the A, singularity deforms to the A; singularity by the de-
formation F'(z,y,t). Now, for the family of singularities above, we have the maximal

minors of the matrix,



define the Ag singularity. Friihbis-Kriiger and Neumer showed that any deformation

of the Ag can be presented by deforming the defining matrix. Thus, we have

Ty z 00 O Ty z
_|_ =
u v 2+ y? 0 0 —ta? u v 2*(x—t)+y?
Similar to the hypersurface case we have the singularity defined by the minors of the

matrix,

Ty z
u v 2i(r—1t)+y?
is isomorphic to the A? singularity, when ¢ # 0. So, we say the A% singularity deforms

to the A§ singularity, by the deformation

x vy z
u v 2i(r—1t)+ 9>

Hence, any deformation of Ag is determined by a deformation of the A, hypersurface

singularity. As mentioned above, Frithbis-Kriiger and Neumer showed this holds for

every singularity in the family.

Furthermore, in the hypersurface case, every ADE singularity deforms to the
smooth variety defined by the equation y? = x. Similarly, for the ADEF singularities,
we have the analog of the smooth variety defined by y? = x being expressed by the
type (2,1) scroll we saw in Section 1.1, i.e. every ADE® singularity deforms to the
(2,1) scroll.

For the remainder of this paper, S will denote the ring Clu, v, z,y, z] and F will
denote the family of local rings of the singularities over S defined by the maximal

minors of the matrix,

Ty z
)

u v f(z,y)

where f(x,y) is the defining equation of an ADE curve singularity. We refer to each

subfamily of rings by its corresponding type. Furthermore, we use R to denote an



arbitrary local ring in .%, unless we specify R to be a member of a specific subfamily.
The proof of the following property of these rings, which we use throughout the paper,

can be found in [10].

Theorem 1.11. For each R in %, R is a Cohen-Macaulay local ring of dimension

3.

Furthermore, in [10], Frihbis-Kriiger and Neumer showed the singularities we are
studying are isolated. Thus, for a ring R in our family, .%#, we have R, is regular,
for p # (u,v,z,y,2) in Spec R. Putting this together, with each R being Cohen-
Macaulay, we have Serre’s normality criteria holding for each R in .%#. Thus, we

have
Theorem 1.12. For each R in %, R is a domain.

As we noted in Section 1.1, there is no broad classification for rings of finite
Cohen-Macaulay representation type for dimension three and greater. In dimensions
zero, one, and two, maximal Cohen-Macaulay modules have characterizations that
make them more accessible. For dimension zero, maximal Cohen-Macaulay is just
finitely generated; dimension one, we have equivalence to torsion-free; and dimension
two maximal Cohen-Macaulay is equivalent to reflexive. These characterizations not
only make it easier to check if a module is maximal Cohen-Macaulay, but it also
makes it manageable to write down whole families of modules with these properties.
In dimension three we do not have a similar characterization. Notwithstanding that
for any ring it is relatively straightforward to write down a family of modules, it is
difficult to show that each member of this family is maximal Cohen-Macaulay, and it
is also difficult to show that each member of the family is distinct. This is the general
outline for the remainder of the paper: present a family of modules over each R in
7 , show each module in the family is maximal Cohen-Macaulay, and then show each

module in the family is distinct.



One of the common themes throughout this thesis will be presenting an ideal or
module over each R by only defining the generators of the ideal or module. These
generators will remain the same over each ring, R. However, each R in .% has unique
relations, so these ideals and modules may behave very differently over each R € .%.

In Chapter 2, we will present three ideals over each R, and prove each is a maximal
Cohen-Macaulay module. Then, we will compute the syzygies of one of these ideals,
which will be instrumental in a later proof.

In the last chapter, we will present a family of modules over each ring, R. Then,
as noted above, we will show each of these is maximal Cohen-Macaulay, and dis-
tinct. The proof of maximal Cohen-Macaulay is relatively short. On the other hand,
showing that each of the modules in the family is distinct is difficult. The proof
of distinctness relies on computing the syzygies of the dual of each member of our
family of modules. For this part, we will rely on Singular, [6], to perform the calcula-
tions. These calculations with the proof of maximal Cohen-Macaulay will prove the

following:

Theorem 1.13. If R is the local ring of an ADEF singularity, for k < 2000 in the
Ay and Dy, cases, then for each a € C the module generated by the column space of

the matriz,

22 zy vz 0 0 wuzx+avx

0 0 0 2% wux u?

s a distinct mazximal Cohen-Macaulay module.

As we will show in Section 3.3, this result implies the the main theorem of the

paper, found below.

Theorem 1.14. If R is the local ring of an ADEF singularity, for k < 2000 in the
Ay and Dy cases, then R has infinitely many indecomposable, non-isomorphic mazxi-

mal Cohen-Macaulay modules. Hence, R has infinite Cohen-Macaulay representation

type.



CHAPTER 2

THREE MAXIMAL COHEN-MACAULAY IDEALS

In this chapter, we look at three maximal Cohen-Macaulay ideals over each R in
our family of singularities, .#. We show these three ideals are, indeed, maximal
Cohen-Macaulay in the first section. The second section is devoted to computing the

syzygies of one of these ideals; these syzygies are then utilized in Section 3.1.

2.1 THREE MAXIMAL COHEN-MACAULAY IDEALS

2

Throughout this section, let wp = (u,z), I = (z,y, 2), and w} = (u?, uz, x?) for each

R in .%.

Lemma 2.1. The ideal wg = (u,x) is a mazimal Cohen-Macaulay ideal over each

Re 7.

Proof. For wg, we have R := R/wp is isomorphic to the hypersurface defined by
yf(0,y) — vz in C[v,y, z]. Thus, we have the dimension of R is 2. Furthermore, we
have R is a complete intersection, and hence a Cohen-Macaulay ring. Therefore, the

depth of R is 2. Now consider the short exact sequence:
0—wp—R—R—0.
From the long exact sequence of Ext, we have the following section of the sequence:
... — Exth(C, R) — Exth(C,wg) — Ext%(C,R) — ...

Since the depth of R is 2, we have Extj(C, R) = 0. Similarly, we have Ext%(C, R) = 0.

Thus, we have EX'C%((C, wr) = 0, and so depthwg > 2. However, since wg is an ideal

10



of R we have depthwgr < depth R = 3. Therefore, depthwr = 3. As a result, we

have wg is a maximal Cohen-Macaulay module. O]

It is known that wg is, in fact, the dualizing module for each R. However, we

disregard this for the purposes of this work. Now we consider the ideal I.
Lemma 2.2. [ = (z,y, z) is a mazimal Cohen-Macaulay ideal over each R € F .

Proof. The quotient of R by I is isomorphic to the ring Cfu,v]. This is a regular
ring, and hence a Cohen-Macaulay ring of dimension 2. Consider the short exact
sequence below:

0— 1 — R— Clu,v] — 0

From this we get the following section of the long exact sequence of Ext:
... — Extp(C,Clu,v]) — Exth(C,I) — Exth(C,R) — .. ..

The depth of Cfu,v] is two, since it is a Cohen-Macaulay ring. Hence, we have
Exty(C,CJu,v]) = 0. Furthermore, we have that the depth of R is 3, and so
Exth(C, R) = 0. Thus, we have Ext%(C,I) = 0, and so the depth of I is at least
3. Finally, since I is an ideal of R the depth of I is at most 3, and so we have

depth I = 3. Therefore, I is a maximal Cohen-Macaulay module. O

For the proof that w?% is maximal Cohen-Macaulay, we will be using Singular, [6],
to compute the depth of R/w%; and so we will delay this until the end of the next

section after we are more familiar with computations in Singular.

2.2 THE SYZYGIES OF w?%

In this section, we compute the syzygies of the ideal w% = (22, uz, u?), and show this
ideal is maximal Cohen-Macaulay. These syzygies will be crucial in the proof that the

family of modules, we define in Chapter 3, is maximal Cohen-Macaulay. The form of

11



the syzygies depends on the type of R. However, each set of syzygies is very similar
from one singularity to the next. After stating the main theorem of this section, we
will prove two of the cases, and leave the other three cases to the interested reader.
Anytime we compute a standard basis we will be using the negative graded re-
verse lexicographical ordering. For those unfamiliar with standard bases, which are
the analog of Grobner bases for local rings, the texts [12] and [5] both provide a
great introduction to the topic. An ideal in a power series ring may have terms of
unbounded degree. Hence, the usual monomial orderings we consider in polynomial
rings do not produce a well-defined definition of leading term. To fix this, we con-
sider the leading terms to be those of least degree for an ideal in a power series ring.
For example, with the negative graded reverse lexicographical ordering, we have the

following monomial orderings:
o 1>uv,a,y,2z>u? v 2%y 22>
euUS>SU>ST>Y> 2.
o VT > uy.

The algorithm for computing a standard basis is similar to Buchberger’s algorithm
for computing a Grobner basis. However, in place of using polynomial division, the
algorithm for a standard basis applies Mora’s normal form algorithm to ensure that
Buchberger’s algorithm halts.

We will be using Singular to compute a standard basis and the syzygies of this
basis. In Singular, we simply declare the characteristic of the field we want to work
over. Since our singularities are defined over C we will use a characteristic 0 field.
Looking at the modified Buchberger’s algorithm for standard bases, [12] or [5], it
should be clear that for an ideal or module over a ring with coefficients in a ring or
field, K, a standard basis for that ideal or module will also have coefficients in the

same ring or field, K. Since all of the ideals and modules we look at have rational

12



coefficients, the coefficients of elements in a standard basis will remain rational. The
syzygies are a by-product of computing a standard basis by Schreyer’s Theorem,
Chapter 5, Section 4 of [5]. Thus, any syzygy modules we compute will have rational
coefficients. Therefore, any computation we do using Singular would be the same

over C. Now we state the main theorem of this section.

Theorem 2.3. The module of syzygies of the ideal w% = (x?, uzx,u?) is generated by

the columns of the matrix below:

where

a4 y2  Rois type Al
"1 ay? R s type DI
fl@y) =1{a2%+ y R is type Eg

3 + 2y’ R is type E*

3+ R s type Eg.

Before proving Theorem 2.3, we prove the lemma below. To justify the need
for this lemma, let J C S = Cfu,v,x,y, 2] be the defining ideal for an R in our
family, #, and ¢ : S — S/J = R. Then, (a1,as,a3)" € syzFw?% if and only if
a12% 4 ayuz + azu® = 0 in R. This is equivalent to a12? + asuz + asu®? € J in S. All
such (ay, as, az) must arise from a syzygy of the S-ideal (22, ux,u*)+ J. Thus, to find
all such (ay, ag, az), we consider the inverse image ideal, ¢~ (w%) = (2%, uz,u?) + J,
of w% in the ring S by ¢. We compute a generating set for the syzygies of ¢~!(w%) in
S. Then, after modding out by the ideal J, we have a generating set for syz!® w%. For

the remainder of this section, let ¢ be defined as above. After completing the proof

for the A% case, we will prove a similar lemma and theorem for the D} case.

13



Lemma 2.4. Let R be the coordinate ring of a type A?C singularity and @ = (f1:=
22 fy = ux, f3 1= U2, fy = vr —uyfs = "2+ ay? —uz, fo = 2"y + 47 —vz2) be
the inverse image of the ideal w% in S by ¢. Then, a standard basis for @ in S is

G = {u?, ux,vr — uy, 2%, uz — xy*, vz — >}

Proof. First, notice that w? = (u?, uz,ve — uy, 22, uz — xy?, vz — y*), since k > 1,
28(2?) — (uz — 2y?) = 22 + 2y? —uz, and 25y (2?) — (vz —y?) = 2Py + 47 — vz,
Now that the generators of uT]%b do not involve an arbitrary power we use Singular to
compute a standard basis of @ with this set of generators. Let G = {g; 1= u?, gy :=
UT, g3 = VT — WY, gy 1= T2, G5 i= uz — TY>, g6 = VZ — Y }.

We can run the following Singular code to compute a standard basis for G in S

with the negative graded reverse lexicographical ordering:
ring $=90, (u,v,X,y,z),ds;
ideal w2bar=u2,ux,vx-uy,x2,uz-xy2,vz-y3;

ideal stdw2bar=std(w2bar);
print(stdw2bar);

Figure 2.1 Standard basis for @ using Singular.

This returns the same set (G, and so the set G is a standard basis, which generates

w%. Thus, G is a standard basis for w. O

Now, using Singular, we can compute the syzygies of GG, by the following code.

matrix syzG = syz(stdw2):
print(syzG);

Figure 2.2 Syzygies of G using Singular.

Letting G = {g1 = 2%, go = ux, g3 = u?, g4 = VT —uy, gs = uz — xY*, g¢ = vz — Y}

and reordering the columns, we have the module of syzygies of G are generated by
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the column space of the matrix below.

o o o0 0 0 O u oz

Now we can prove Theorem 2.3 for the type Ai case.

Proof. From the discussion above, we have a generating set for the syzygies of G over
the ring, S. Now we rewrite the syzygies of the g;’s in terms of the f;’s, which will
be the syzygies of wil%b. First, note that we have the following relations between the
gi;’s and f;’s:

g = h g2 = f2

g3 = Js g1 = Ja

g = *h—fi g = " yh—fe

Listing the syzygies of E, we have:

S1 = ugy — xgo — ufi —xfs

So = Vg1 —Yga—1gs  —> vii—yfo—afs

ss = Yo —z2gp+xgs  — (@) fi—z2fa—afs

S4 = UG — Tg3 — ufo—afs

S5 = UG t+ygstxgr — —vfatyfstaf

s6 = Yg2—2g3tugs — ur"fi+yifo—z2fs —ufs

s = —yYlgu—vgs+ugs — " (uy —vx)fi — 2 fa+vfs — ufe
ss = —201—Ygstxge — —z2fityfs—afe.

Hence, we have the syzygies of ag are generated by the columns of the matrix:

15



_ u v o4y 0 0 wr® 2Pl uy—wvx) O
Y —z u  —v P 0 0
0 0 0 - Yy —z 0 0
0 —x 0 0 z 0 —? —z
0 0 —x 0 0 —u v Y
0 0 0 0 0 0 —u —

Note that any relation on the generators of ug will produce a syzygy of w% in R.

Furthermore, any syzygy of w% in R must arise in this way. Thus, considering the

matrix above in R, by using that zv — uy = 22 + 2y?> —uz = 2" ly + 9 —v2 =0

in R, we get the matrix:

_ u v o 4y? 0 0 waf 00 _
. — —z v —v y: 00
0 0 0 —x y —z 00
0 0 0 0 0 0 00
0 0 0 0 0 0 00
0 O 0 0 O 0 00

By moving columns around, applying negatives to certain columns, and removing

extraneous rows and columns, we get the syzygy matrix:

u v M4y 0 0 wuab
—r —y —z u vy
0 0 0 —-r —y —z

Relabeling these as si, ... sg respectively, we have

k _ k+1 2 T
56_I31_(07x —|—y,—Z>,

and so we can replace sg by (0, 2¥*! + 2 —2)T. This gives us the claimed generating

R, 2
set for syzy* wg.
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Now we turn to the D,{, case.

Lemma 2.5. Let R be the coordinate ring of a type D,,ﬁf singularity and @ =(fi:=
22 fo =z, fy =l fy = vx —uy, fs = 2F + 2%y? —uz, fo o= 2y + oy — vz) be
the inverse image of the ideal w% in S by ¢. Then, a standard basis for @ in S is

G = {u?, ux,vr — uy, 2%, uz, vz — 2y}

Proof. We start by taking a different generating set for the ideal. We have E =
(u?, ux, v — uy, 2%, uz, vz — 2y®), since ¥ + 22y? — uz = (2*2 + y?)(2?) — uz and
oy + ayd — vz = 23y (a?) — (vz — 2y?). Let G = {g1 == u? g0 = ux, g3 =
v —uy, gy = 2%, g5 := uz, gs := vz — xy>}. Since G does not involve any arbitrary
exponents, we can, again, use the following Singular code to check that G is indeed
a standard basis.

ring S$=0, (u,v,x,y,z),ds;

ideal w2bar=u2, ux,vx-uy,X2,uz,vz-xy3;

ideal stdw2bar=std(w2bar):
print(stdw2bar);

Figure 2.3 Standard basis for w? using Singular.

This returns the same set (¢, and so G is a standard basis. Hence, GG is a standard

basis which generates w%, and so G is a standard basis of w?. O

Once more, we can use Singular to compute the syzygies of G using similar lines
of code as we did for the A% case.

We relabel the g;’s as G = {g1 = 2%, 9o = uw, g3 = u*, g4 = vT — Y, g5 = Uz, gg =
vz — zy®}. Reordering the columns, with respect to this relabeling, we have the
module of syzygies of GG is generated by the column space of the matrix below. Using
this generating set for the syzygies of GG, we find a generating set for the syzygies of

w% in the Di case; proving Theorem 2.3 in the D,’i case.
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0 0 == O 0 u —y —v
o o0 o0 0 0 0 =z wu

Proof. From the discussion above, the columns of the matrix above form a generating
set for syzygies of G, which is a standard basis for ;% over S. We use this generating
set to find a generating set for the syzygies of E over S. Note we have the following

relations for the g;’s in terms of the f;’s:

g = fi g = fa
g3 = f3 gs = fa

g5 = @2+ fi—f g5 = 2" Pfi—fe

We substitute these relations into the syzygies, si,..., s, from the matrix above.

S1 = Uugy — TG — ufi—af

So = Vg1 —Yg2 — TYa — vh—yf—afs

53 = —Z2g2+ IG5 — (@ ray) - 2fe—afs

S4 = UG2 — Tg3 — ufo—afs

S5 = —UG2 +Yg3+ ugs — —vfetyfstufs

S¢ = —2g3+ ugs — w(@ P+ ) fi—zfs —ufs

s = Yo +201—ygs+rge — zfatyfs —afs

58 = Y’g2 — vgs + uge — (@ (uy —va) =) L+ fa o fs —ufs
In R, we have f; = f5 = f¢ = 0. Thus writing sy, ..., ss as a matrix in R, the syzygies

of w% are generated by the column space of the matrix:
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_ u v o4yt 000 w@P+y?) 0 —uy? _
" —z u -0 0 0 93
0 O 0 —-x Yy —z 0 0
0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

Deleting trivial rows and columns and multiplying by -1 to some columns we get the

following matrix:

u v 2Pyt 000 w(@?4ey?) —uy?

- —y —2 u v 0 3
0 0 0 - —y —z 0
Relabeling the columns above as si, ..., s7, respectively, we have s; = —y?s,. So we

can delete s; from our generating set. Furthermore, we have
S6 — (xk72 + y2>51 = (07 xkil + l’yQ, _Z)Tu

and so we can replace sg by (0,271 +zy? —2z)T in our generating set. This gives the

claimed generating set for syzw#% in the D,i case. O]

As noted at the beginning of this section, similar methods can be used to find the
syzygy matrix for w% in the Eg, Eg, and E'g cases.
Finally, as mentioned at the end of the Section 1.2, we will use Singular to help

show the depth of w% is 3, for each R € 7.
Lemma 2.6. w% is a mazimal Cohen-Macaulay ideal over each R € F.

Proof. First, let R be the local ring of a type Ai singularity. Let uT% be the inverse

image of the ideal w% in the ring S by ¢. This gives us
R/WJQ% = S/E = C[[u’ v, Z,Y, Z]]/(u27 Ux, vr — uy,xz,uz - nya V2 — y3)
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Since R/w?% does not involve an arbitrary power of x, we can employ Singular to
compute the depth of it. Running the following code on Singular returns the depth

of R/w% as 2.

LIB "homolog.lib";

ring S=0, (u,v,x,y,z),ds;

ideal w2bar=u2,ux,vx-uy, Xx2,uz-xy2,vz-y3;
gring Rbar = std(w2bar);

module 7Z=0;

depth(Z);

Figure 2.4 Singular code to find depth R/w? in the A case.

Notice that in Singular the function depth returns the depth of the cokernel of
the module in the depth function. Now that the depth of R/w? is 2, the proof that
w% has depth 3, follows similarly to lemmas 2.1, and 2.2. Therefore, w% is a maximal
Cohen-Macaulay module over R in the A% case.

Now let R be the local ring of a D,ﬁf singularity, and E be the inverse image of

the ideal w% in S by ¢. This gives us
R/WIQ% = S/@ = C[[u,v,x,y,Z]]/(UQ,ux,vx - uy7$27uzavz - x.y?))

Again, having removed any arbitrary powers of x, we can run similar Singular code
to check that depth R/w?% = 2. Then, as in the A% case, we have w? has depth 3, and
hence is maximal Cohen-Macaulay. Finally, for the Eg, Eg, and Eg cases, we can use
Singular to show the depth of w? is 3.

Therefore, for any R in our family, .#, we have depthw% = 3. So over each

R € Z, we have w} is maximal Cohen-Macaulay. O
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CHAPTER 3

MAIN THEOREM

In this chapter, we will prove that the family of rings defined by the maximal minors

of the matrix:

Ty z

w v flay)|
where f(x,y) is ¥+ 2, 28t +ay?, 22 + 91, 23+ 293, or 23 + ¢ has infinite Cohen-
Macaulay representation type. To accomplish this, we will construct an infinite family
of rank two maximal Cohen-Macaulay modules over each singularity. Fortunately, the

family of modules, .#;, over each ring is generated by the same generators. For each

R, let 4, be the module generated by the columns of the matrix:

22 zy xz 0 0 au-+twv

0 0 0 z2 zu u?

where we are considering ¢ as the parameter of the family, i.e. ¢ € C. Hence, some
of the time we will be thinking of .#; as a family of modules, where each t € C,
determines a member of the family. While other times, we will be thinking of .,
as a single module over the polynomial ring R[t] with coefficients in R and variable
t. The context should make which case we are considering clear. Throughout this

chapter, ., will denote the module generated by columns of the matrix:
22 xy 2z 0 0 zu+azv

0 0 0 22 zu u?

over a ring R from our family, .%.
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We will break the proof of the main theorem into two parts. First, we show the
modules defined above are maximal Cohen-Macaulay and rank two. This will be
relatively quick, since we have done most of this work in Section 2.2, and we can
do this without breaking up the proof over each ring. Section 3.2 is dedicated to
justifying the calculations in Section 3.3. The second half of the proof, showing each

module of .Z, is distinct, is the content of Section 3.3.

3.1 PROOF OF MAXIMAL COHEN-MACAULAYNESS

In view of the fact that the family of modules we are discussing involves a parameter,
t, we will work in the ring S[t] = Clu, v, x,y, z]J[t] and the corresponding rings, R]t],

where R is a local ring from our family, .%.

Theorem 3.1. Let I = (z,y,2) and w% = (22 ux,u®) be the mazximal Cohen-

Macaulay ideals over R from Chapter 2. Furthermore, let .#; be the R[t]-module

generated by the columns of the matrix

22 2y xzz 0 0 au+twv

0 0 0 2% zu u?

Then the following sequence:
0 — 2I[t] - M, 25 WA[H] — 0,

is exact, where v is inclusion in the first component and ¢ is projection from the

second component.

Proof. Let uq,...,ug be the generators of ., respectively. First, note that poy = 0,
i.e. im v C ker . For the other inclusion, consider a = ajuy + asus + agug € ker . If
ag = 0, then p(asuy +asus) = 0 implies a4z* + asuxr = 0, and so a = asud + asus = 0;

hence a € im . Next, assume ag # 0. Since a € ker ¢, we have
2 2 _
asr” + asux 4+ agu” = 0.
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Hence, (a4,as,a6)” € syz;(w%[t]). Note that w%[t] is a R[t]-module by considering
elements of w%[t] as polynomials in the variable ¢ with coefficients in w%. Then, we
have that w%[t] = R[] ®r w%; and since R[t] is flat over R, the set of syzygies for
w% over R remain the complete set of syzygies for w% as a R[t]-module. Recall from

Section 2.2, we have syz! w? is the column space of the matrix,

u v flr,y) 0 0 0
—r -y -z u v flx,y)|
0 O 0 —-r -y —z
where f(z,y) is the corresponding defining equation for R. Thus, ag € [[t] =

(x,y, z)R[t]. Hence, we have
ag(uzr + tvx) = (u + tv)zas € z(x,y, 2)R[t] = z1]t],

i.e. ag(ux + tvz) € zI[t]. Hence, if a € ker , we have a = (r,0)7 for some r € xI[t].

Thus, a € im . O

Corollary 3.2. The R[t|-modules w%[t], xI[t], and 4;, as defined above, are Cohen-
Macaulay. Furthermore, we have that depth(w%[t])m = depth(zI[t])m = depth( A} ),

for any mazimal ideal m C R]t].

Proof. First, notice that x is regular on I, since R is a domain. Thus, the depth
of xI is 3 in R. We then have w%[t] and zI[t] are Cohen-Macaulay at any maximal
ideal of R[t], by Theorem 2.1.9 in [3]. Next, since localization is an exact functor,
the short exact sequence from Theorem 3.1 will stay exact when localized at any
maximal ideal, m C R[t]. Hence, at each maximal ideal, m, we have depth(.#}), =
depth(zI[t]), = depth(w%[t])m, by the long exact sequence of Ext. This implies both

parts of the corollary. O

Corollary 3.3. For a € C, 4, is mazimal Cohen-Macaulay over R, for each R in

F.
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Proof. For each o € C, we have t — « is regular on R[t], since R[t] is a domain. This
implies that ¢ — « is regular on R[t]>. Since .#; is a submodule of R[t]?, we have
t — o is regular on ;. Thus, A, = #,/(t — )4, is a Cohen-Macaulay R-module,
by Theorem 2.1.3 of [3]. To see it is maximal Cohen-Macaulay, note that t — « is
regular on zI[t] and w%[t]. Let m, = (t — a) +n C RJ[t], where n is the maximal ideal
of R. Clearly, m, is a maximal ideal of R[t], since R[t]/m, = C. For any maximal
regular sequence, [ C n, of zI or w% in R, we have (t — a,l) is a maximal regular
sequence for zI[t] or w%[t] in m,. Therefore, depth(zI[t])m, = depth(w}[t])m, = 4 in
(R[t])m,. By the previous corollary, this implies that depth(.#;)m, = 4. Thus, we
have depth .Z, = 3 in R, by Theorem 1.2.10 in [3]. Hence, for each a € C, ., is

maximal Cohen-Macaulay, for each R € .%. O

Finally, we show that each module in .#; is rank two over each R € .#. Similar
to the previous two corollaries, this follows from Theorem 3.1. The fact that, for each
a € C, A, is rank two will be used in Section 3.3 to prove that each R € .% has

infinite Cohen-Macaulay type.
Corollary 3.4. For each o € C and each R € ., M, is a rank two R-module.

Proof. First, note that, by the inclusion C[t] < R[t], we have zI[t], w%[t], and 4,
are C[t]-modules. Let k(a) = C[t]/(t — a). Then we have xI[t] ®cy k(o) = 1,
wEt] @cpy k(a) = wh, and A @cpy k(o) = M, as R-modules. Thus, tensoring the

short exact sequence from Theorem 3.1 with k(«), we get the complex:

C

oo TorS WA, k() = ol — My — w’ — 0.

The sequence:

0 — al — My — wp — 0

is exact if Tor(fm (wi[t], k(a)) = 0. To compute this Tor, let K(t — «) be the Koszul

complex over C[t] of the single element ¢ — . Then, K(¢ — «) is a resolution of k(«)
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as a C[t]-module. Tensoring K(t — o) with w2[t], we have Tor:(w2[t], k(a)) is the

first homology of this tensored complex. However, t — « is regular on w%|[t], since R|t]

is a domain. Thus, K(t — a) ®cpy wh[t] is exact. Therefore, all the homology modules
2

of K(t — o) ®cpy wi[t] are zero; and so Tort ! (w 2[t], k(a)) = 0. Consequently, we have

for each o € C and each R € .#, the complex
0 — al — My — wp — 0

is a short exact sequence. Since R is a domain, we have any nonzero ideal of R has
rank one as an R-module. Furthermore, since R is a domain, we have rank is additive

on short exact sequences. This implies the rank of .#,, is two. O

3.2 SPECIALIZATION

We now begin the process of showing each member of .7, is distinct. Recall through-
out this chapter, we let .#,, denote the module generated by the column space of the

matrix:

22 zy vz 0 0 wuzx+avx
0 0 0 2% uzx u?
where o € C. In this section, we will be using the following isomorphic forms of the

module .Z,, at different times:
My = Mt — ) My = M DR R[] (E— ) = M @cp Clt]/ (T — o).

The first isomorphism is obvious and the second isomorphism is well known. The
third follows from R[t] being a C[t]-algebra, and the natural inclusion C[t] < R]t].

Recall the following definition:

Definition 3.5. Let M be a finitely generated R-module, with generators mq,...,m,
and relations

aj1m1+...ajnmn:(), fOI'j:L...
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Then the ith Fitting ideal, Fitt;(M), is the ideal generated by the n — i minors of

(ajr)-

Accordingly, the ith Fitting ideal of a module M is the ideal generated by the
n — ¢ minors of a presentation matrix for M. It is well-known that these ideals do
not depend on the choice of presentation and that isomorphic modules must have
the same Fitting ideals, see Section 20.2 in [7]. Consequently, in our case, we will
be using the fact that if two modules have different Fitting ideals, then they are
non-isomorphic.

To show that for each a € C we get a distinct .#, over R, we compute a Fitting
ideal of Hompg(.#,, R), for each a € C. Throughout this section, for a module M
over R (respectively, R[t]), we will let M* denote the dual module, Homg(M, R)
(respectively, Hompgp (M, R[t])), of the module M. As we mentioned in Chapter 1,
computing the Fitting ideals will require the use of Singular. We will present the
Singular code to compute the Fitting ideal we need, and then present the code to
check this for A% and DY for k < 2000. However, in order to do this we have to
perform these calculations over R[t] for the module .#;, and then specialize to the
module .Z,, for each a € C. There are three lemmas we must address to justify this

process:
o syz il (M) [ (t — ) syzi!] (M) = syzl (M) for each a € C.
o M/t — )My = M for each o € C.
e The specialization of Fitt; #/, by t — «, is Fitt; 4.
Lemma 3.6. Let o € C. Then syzi ' () /(t — o) syzi ) () = syl ().
Proof. In R[t] we have the following short exact sequence:

0 —> syz (L)) — R[t]® — 4, — 0.
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Note that all of these are C[t]-modules, and so tensoring this sequence by C[t]/(t — «)
over C[t], we have the long exact sequence:

C[t] ) - syzi" ()

— RS > 4, —0.
(t—a) t—a) syzil] ()

L= Tor(lc[t] (//lt,

I

R[t]
syz, " (M)
Thus, ( —i0

sy syz (M) if Tor: " (///t, =0 ) = 0. We can compute this Tor

t—a)
by finding a resolution of C[t]/(t — «) over C[tJand tensoring this resolution with .Z;.
A minimal resolution for C[t]/(t—«) is given by the Koszul complex of t —a over CJt].
However, as we saw in Section 3.1, t — « is regular on .#;. Thus, the Koszul complex
will remain exact after tensoring the complex with .#;. Therefore, each homology

module of the tensored complex will be zero; and since Tor(lc[t] (///t, é{%) is equal to

the first homology module, we have Tor(lc[t] (j/t, (;C_[’i» = 0. O

Notice in the proof above there was nothing we used that was unique to the
module .#;, except that it was a submodule of a free module. Thus, in general, we
have for any submodule of a free module, t — « will be regular on that module; and so
the syzygies of such a module will be preserved under specialization. By this fact, we
will get the proof of the third lemma as a corollary. The proof of the second lemma

follows from Theorem 1.12 of [13], as we show below.
Lemma 3.7. For each o € C, M} [ (t — o) M] = M.

Proof. Let a € C, ¢ : M} — M} /(t — )] be the natural map we get from the
specialization .#; — #,,, and m be the maximal ideal of R. For p € Spec R\{m}, we
have R, is a regular local ring of dimension two or less. Since (/" /(t — a).#;"), and
() , are reflexive, both are maximal Cohen-Macaulay modules over Ry, by Theorem
1.9 in [13]. However, over a regular local ring, maximal Cohen-Macaulay is equivalent
to free, by the Auslander-Buchsbaum formula. Thus, over Ry, (4 /(t — a).4;),
and (), are free modules. It is a routine linear algebra exercise to check ¢, is an

isomorphism. Thus, ¢ is an isomorphism on Spec R\{m}. Finally, ¢ extends to an
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isomorphism over all of Spec R, by Theorem 1.12 in [13]. Therefore, .Z;/(t— ). 4} =
M O

«

Now with the second lemma, the third lemma follows as a corollary.

Corollary 3.8. The specialization of Fitt; (), by t — «, is the ideal Fitt;(4}) in
R.

Proof. First, note that .Z;* = syzf”[t] im AT where A is a presentation matrix of ..
Hence, ./ is the submodule of a free module. Then, from the discussion above,
we have that, under the specialization { — «, a presentation matrix for .Z;" will
specialize to a presentation matrix for .. Furthermore, taking minors of a matrix

commutes with specialization, and so the corollary follows. O

In the next section, we have to deal with the question of whether a standard basis
of an ideal will remain a standard basis after specialization. There are some results
known on this topic, see [12]. We will deal with this question on a case by case basis.

For the computation of the Fitting ideals of .#;* we will be using Singular. Sin-
gular has the capability to perform calculation over local orderings. This allows for
computations over the ring Qu,v,x,y, 2] (uv,z,,7), the localization of Qu,v,z,y, 2]
at the maximal ideal. Recall in Section 2.2, we outlined why computations over
Q[u, v, z,y, z] would be the same over Clu,v,x,y,z|. This is also the case for the
localizations of Qu,v,z,y, 2] and Clu,v,x,y, 2] at the maximal ideal, by the same
argument. Furthermore, since the standard basis algorithm on a set of polynomi-
als always returns a set of polynomials and we have the following inclusion of rings,
Clu,v,2, Y, 2J(uwey,) C Clu,v,z,y, 2], any standard basis over Clu, v, z, ¥, 2| (2,2
will remain a standard basis over Clu, v, x,y, z]. Singular can keep a local ordering
on the variables u, v, x,y, 2z, and give monomials in ¢ a global ordering. Thus, with
Singular we can perform computations over the rings R[t] from our family .%. For

further discussion on computations in rings of mixed orderings, see [12] and [5].
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3.3 FITTING IDEALS OF .#,

We now turn to the computation of the needed Fitting ideals of .Z,* using Singular.
Throughout this section, we denote the dual of .#; as .4, = Hompp(.#,, R[t]). We
will first look at the Eg, Eg, and Eg cases, because these require less computations.
For these three cases, we will be considering the third Fitting ideal of .Z}*.

Let R be the local ring of the Eg- singularity. In order to compute the Fitting
ideals of .Z;*, we must first find .Z,*. We can do this by computing the first syzygies
of the image of the transpose of a presentation matrix of .#;. Recall a presentation
matrix for .#; is equivalent to a generating set for the syzygies of .#;. Thus, to find

a standard basis for .#;" over R[t], we can run the following lines of code in Singular.

ring S$=0, (u,v,x,y,z,t),(ds(5),dp);
matrix a[3][2]=x,u,y,v,z,x3+y4;
ideal D = minor(a,2);

gqring R = std(D);

module M=[x"2,8], [xy,0],[xz,8],[0,x2],[0,ux], [ux+tvx,u2];
matrix mM = M:

matrix msyzM=syz(M);

matrix rmsyzM=std(msyzM) ;

matrix msyzMT=transpose(msyzM);
module HMR = syz(msyzMT);

matrix mHMR=HMR:

matrix rHMR = std(HMR);
print(rHMR) ;

Figure 3.1 Singular code to produce a generating set for .Z,*.

This code produces the following matrix:

— x —u 0 0 Tz —
Yy —v 0 0 Yz
z ==yt 0 0 2?
0 x+yt z y? 0
0 u+ vt 2 +yt vy 0
u+ vt 0 ur? +vyd v? at+ Byt + oyt + Y5t
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Thus, .#; is generated by the column space of this matrix. Now to compute the
Fitting ideals for this module, we need the presentation matrix of .Z;*. Using the

Singular code below we can produce the presentation matrix for .Z;".

matrix sHMR=syz(rHMR);
print(sHMR) :

Figure 3.2 Singular code to produce a presentation matrix for .Z;".

Thus, the presentation matrix for .Z;" is

- —z  —v?  —ur? —uwy? —ury — vyt +uytt —oy? —vy 23 —axy? 0 _
0 —vy —a—ay? —z?y — —y? —z 0
0 0 u+ tv v 0 x +yt —y?
0 u+ot 0 2%t + y?t T+ yt 0 2
1 0 0 0 0 0 0

By definition the third Fitting ideal is given by the (n — 3) by (n — 3) minors of
a presentation matrix for .#;", where n is the number of generators of .#;*. Recall
the number of rows of a presentation matrix is always the number of generators for
the module. We can produce a standard basis for the third Fitting ideal of .Z}*, by

running the following Singular code.

ideal fitt3=minor(sHMR,nrows(sHMR)-3);
ideal stdfitt3=std(fitt3);
stafitt3;

Figure 3.3 Singular code to produce a standard basis for Fitts .Z;".

This will produce the standard basis G = {u + tv, v,z + yt, z,y*} for the third
Fitting ideal of .#;". Next, we turn to the question of how the third Fitting ideal
and this standard basis will specialize under the map ¢t — a. For o € C we have the

specialization of Fitts ./ is the ideal (u + av,v,x + ay, z,y?). From Section 3.2, we
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know this is equal to Fitts .. Thus, we have
Fitts 4 = (u + av,v,x + ay, 2,9¥°) = (u, v,z + ay, z,y*).

We claim the set of generators for Fitt; .2 above form a standard basis. Let G =
{u,v,2 + ay, z,y*}. To show G is a standard basis recall in the computation of a
standard basis we find all s-series (polynomials in our case) and find any remainders
after expressing these in Mora’s normal form with respect to our set G. However, the
s-series between two monomials is always 0, since the leading term of a monomial
is itself. Therefore, we can only get non-trivial remainders from our set G from an

s-series involving = + ay. Suppose w € G\{x + ay}. Then, we have

wx wr
s(w,z+ay) = —w— —(z+ ay) = wr — wzr — awy = ay(w).
w x

Since w is in G, we have that the remainder of ay(w) in Mora’s normal form is 0.
Therefore, the set G is closed under s-series, and so GG is a standard basis.
Now suppose a, 8 € C, such that a # (. Then, we have z + ay € Fitts #;

and claim x + ay ¢ Fitt .#;. We reduce = + ay with respect to the standard basis

Gﬂ:{u7v7'x+6y7zay2}:
r+ay=z+py+ (a—p)y.

Thus, the remainder, when expressing the normal form of x 4+ ay with respect to
the standard basis of Fitts .#s, is (a« — 8)y # 0, and so = + ay ¢ Fittz 5. Hence,
Fitts .4, # Fitts #3. Therefore, .4 is not isomorphic to .. This in turn implies
that .#, is not isomorphic to .#3. Thus, for each o € C, we get a distinct module
M. Joining this result with the work from earlier in this chapter, we have proven

the following;:

Theorem 3.9. Let R be the type Eg local ring from our family, .%. Then, for each
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a € C, the R-module, #,, generated by the column space of the matriz,

22 zy xz 0 0 au+azv

0 0 0 2% zu u?

is a rank two maximal Cohen-Macaulay module. Moreover, if o« # [ € C, then

My 2 M.

We claim that this implies that R has an infinite set of indecomposable maximal
Cohen-Macaulay modules. If .Z, is indecomposable for any o € C, say .#, = 1,5 J,,
then I, and J, are rank one maximal Cohen-Macaulay modules. Suppose «, 3 are
such that o # 3 and A4, = 1, ® J, and M = 15 © J3. Then A, ¥ .#3, implies
that I, 2 I, I, % Jg, Jo 2 I, or J, % Jg. Thus, if 4, is decomposable, at least
one of the summands, I, or J,, must be distinct. Therefore, R has an infinite set of
rank one maximal Cohen-Macaulay modules or an infinite set of rank two maximal
Cohen-Macaulay modules. Consequently, we have proven the main theorem for the

type Eg case.

Theorem 3.10. The local ring of a type Eg singularity has infinite Cohen-Macaulay

representation type.

Using similar Singular code, we can compute a standard basis for the third Fitting
ideal of .#; over the rings R[], where R is the local ring of type E% or EX. In fact,
for these two cases we get that the standard basis for Fitts .#" is the same as the
Eg case. Thus, as in the Eg case, we will have the following theorems, since the

discussion above will hold over these two rings as well.

Theorem 3.11. Let R be the type Eg or Eg local ring from our family, % . Then,
for each a € C, the R-module, .#,, generated by the column space of the matriz,

22 2y zz 0 0 zu+azv

0 0 0 z* zu u?

is a mazimal Cohen-Macaulay module. Moreover, if a # 3 € C, then My ¥ Mp.
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Theorem 3.12. The local ring of a type Eg or type Eg singularity has infinite Cohen-

Macaulay representation type.

Now we consider the D,ti case. In principle, we are doing the same thing as in the Eg
case, except for varying values of k. First, the procedure below can be implemented
in Singular to quickly get the standard basis of the third Fitting ideal of .Z}* for
varying k.

This procedure takes in an integer, k, for £k > 4, and prints a standard basis for
the third Fitting ideal of .#; over R[], where R is the local ring of the D? singularity.
proc getFitt3(int k)

{

matrix a[3][2]=x,u,y,v,z, x"(k-1)+xy2;
ideal D = minor(a,2);

qring R = std(D);

module M=[x"2,8], [xy,8],[xz,0],[0,x2],[80,ux], [ux+tvx,u2];
matrix msyzM=syz(M);

matrix rmsyzM=std(msyzM)

matrix msyzMT=transpose(msyzM) ;
matrix HMR = syz(msyzMT);

matrix rHMR = std(HMR);

matrix sHMR=syz(rHMR);

ideal fitt3=minor(sHMR,2);

ideal stdfitt3=std(fitt3):
stdfitt3;

t

Figure 3.4 Singular code to produce Fitts .Z*.

Running this for varying values of k£ the procedure returns the standard basis
G = {u+ vt,v,x + yt, z,y*} for each k. To check its validity, for 4 < k < 2000, we
use the Singular code below.

This procedure takes in a range of values for k starting at s and stopping at f,
computes a standard basis for Fitts .#;" over the ring R[t], compares this standard
basis to the claimed basis G = {u + vt, v,z + yt, z,4*}, and then stores either 1 for
true or 0 for false for each value of %k in a list. The procedure then returns this list of

0’s and 1’s.
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proc checkFitt(int s,int f)
{
list 1;
for(int k=s;k<=f;k=k+1)
{
setring S;
matrix a[3][2]=x,u,y,v,z, x"(k=-1)+xy"2;
ideal D = minor(a,2);
qring R = std(D);
module M=[x"2,0], [xy,8], [xz,8],[0,x2],[0,ux], [ux+tvx,u2];
matrix msyzM=syz(M);
matrix rmsyzM=std(msyzM) ;
matrix msyzMT=transpose(msyzM);
matrix HMR = syz(msyzMT);
matrix rHMR = std(HMR);
matrix sHMR=syz(rHMR);
ideal fitt3=minor(sHMR,2);
ideal stdf3=std(fitt3);
vector Vstdf3=[stdf3[1],stdf3[2],stdf3[3],stdf3[4],stdf3[5]];
vector Vtest=[u+vt,v,x+yt,z,y2];
1[k]=(Vstdf3-Vtest==0):
¥
return(l);

}

Figure 3.5 Singular code to check standard basis over a range.

Finally, we can make a simple procedure to check if every value in a list is equal

1:
proc checkTrue(list L, int s, int f)
{
int switch=1;
for(int k=s;k<=f;k=k+1)
{
if(L[k]==0)
{
switch=0;
b
+
return(switch);
}

Figure 3.6 Singular code to check if a list has 1 as every entry.

The input of this procedure is the starting index, s, of a list and the last index, f,
of the list and returns 1 for true if every entry in the list is 1 or 0 if any entry in the
list is not equal to 1. Using the checkFitt and checkTrue procedures for the range of

k from 4 to 2000, we have the following theorem:
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Theorem 3.13. For 4 < k <2000, G = {u + vt,v,z + yt, z, 4>} is a standard basis

for Fitts A over the local ring of the Di singularity.

Now, just as in the E,’i cases, specializing G by t — « will give us that Fitts 4 =
(u,v,z + ay, z,y?). Furthermore, just as in the E,ti cases, we have this is, in fact, a
standard basis for Fitts .Z, by the same argument. Therefore, we see that each .,

is distinct, since Fitts .#; # Fitts .#;. Thus, we have the following theorem:

Theorem 3.14. Let R be the type D,ﬁg local ring from our family, F for 4 < k < 2000.
Then, for each o € C, the R-module, ., generated by the column space of the

matriz,

22 zy xz 0 0 au+azv

0 0 0 z* zu u?

is a rank two mazimal Cohen-Macaulay module. Moreover, if a # [ € C, then

My R M.

As in the E£ cases, this implies, for each R of type D,ti, with 4 < k& < 2000,
that R has an infinite family of indecomposable maximal Cohen-Macaulay modules.

Therefore, we have proven the main theorem in the D,ﬂg case, for 4 < k < 2000.

Theorem 3.15. The local ring of a type Di singularity has infinite Cohen-Macaulay

representation type for 4 < k < 2000.

Lastly, we need to consider the local rings of the type Aﬁk singularities. We can
use similar Singular code to find the third Fitting ideal of .#Z;*. For the ring R]t],
where R is the local ring of the A’i singularity, Singular returns the standard basis,
G = {u+ vt,v,x + yt,yt*> + v, z,y*}. Specializing this by ¢ — «, we have the third
Fitting ideal for .Z* over the A% singularity is (u + av, v,z + oy, 02y + y, 2, y%) =
(u,v,2,3,2). Thus, this will not be helpful in showing .#; % .#;. Checking for
other values of k yields similar results. Consequently, we will instead compute the

second Fitting ideal of .Z}".
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We consider the second Fitting ideal for .Z* over the A% separately, since the
standard basis in this case is slightly different. Thus, suppose R is the local ring of

the AL singularity, for 2 < k < 2000, then a standard basis for Fitt, .#; over R[t] is

G = {u* + uwvt, uv + v*t, ur + vt + uyt + vyt 2 + 2twy + v} uy + vyt, vy + y*t,

2 .3 ,2 2 3
rz, Yz, 2, v, v Y,y ,Y }

The following Singular procedure can be used to show this.

proc checkFitt2(int k)

matrix a[3][2]=x,u,y,v,z, x"(k+1)+y2;

ideal D = minor(a,2);

qring R = std(D);

module M=[x*2,0], [xy,8], [xz,0],[0,x2],[0,ux], [ux+tvx,u2];
matrix msyzM=syz(M);

matrix rmsyzM=std(msyzM);

matrix msyzMT=transpose(msyzM);

matrix HMR = syz(msyzMT);

matrix rHMR = std(HMR);

matrix sHMR=syz(rHMR);

ideal fitt2=minor(sHMR,nrows(sHMR)-2);

ideal stdfitt2=std(fitt2);

ideal G=u2+uvt,uv+v2t,ux+vxt+uyt+vyt2, x2+2xyt+y2t2, uy+vyt,
Xy+y2t,xz,yz,z2,v3,v2y,vy2,vy3;

ideal stdG=std(G);

ideal L1=reduce(stdfitt2,stdG);

ideal L2=reduce(stdG, stdfitt2);

vector Vi=[L1[1],L1[2],L1[3],L1[4],L1[5],L1[6],L1[7],L1[8]
L1[9],L1[10],L1[11],L1[12],L1[13]];

vector V2=[L2[1],L2[2],L2[3],L2[4],L2[5],L2[6],L2[7],L2[8],
L2[9],L2[18],L2[11],L2[12],L2[13]];:

vector Z=(9,0,0,0,0,0,0,0,0,08,0,0,0];

return((V1==Z) and (V2==2));

}

Figure 3.7 Singular code to check G is a standard basis.

The procedure takes in an integer k& > 2 and computes a standard basis, G,
for Fitty 4, over R[t]. Then the procedure reduces G’ with respect to the claimed
standard basis, G, storing the result of this reduction in a vector. Next, the procedure
reduces G with respect to G', storing the result of this reduction in a vector as well. If
all entries in these vectors are zero, then we have G and G’ generate each other. The

procedure then compares both vectors to the 0 vector and returns 1 if all entries in
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both are zero, or 0 if any entry in either vector is non-zero. Looping this procedure,
over the range k£ = 2 to k = 2000, proves the claimed G is a standard basis for
Fitty ;" over R[t].

Hence, specializing by ¢ — o we have

Fitty A = (u* + cuv, uv + av?, ur + ave + auy + o’vy,

22 + 2axy + oz2y2, uY + avy, Y + ayz, Tz, Yz, 22, 1)3, vzy, vyz, y3)

over the Ai singularity for 2 < k < 2000. Finally, we claim that the set of generators
for Fitty 4 above form a standard basis. By the modified Buchberger criteria for a
standard basis, this is a standard basis if it is closed under taking s-series (again in
our case polynomials). Recall from the Eg case, a non-zero remainder from an s-series
can only arise from the s-series of two non-monomials. Hence, labeling the first six
generators of Fitty 4, g1, ..., gs, respectively, we only need to check the remainders
of 5(g;,g5) for 1 < j < i < 6. Keeping in mind over each R we have the relation
vx = uy, this is an easy calculation, which we leave to the reader. Now we show for
a, € C, such that o # B, Fitty A # Fitty .4;. We claim u® + fuv ¢ Fitty ;.

Reducing u? + Suw, with respect to the standard basis for .Z, we have
u? + Buv = u? + auww — (o — B)(uww + av?) + (8 — a)v’.

Due to the fact that in negative graded reverse lexicographical order v? is less than
u?, and no leading term in the standard basis for Fitt, . divides v?, we have a
non-zero remainder from reducing u? + Suv. Hence, u? + Buv & Fitty 4. Therefore,
the two Fitting ideals are not equal. As before, this implies 4, % 3.

Now let R be the local ring of the Aﬂ1 singularity. With the help of Singular, we
have that a standard basis for Fitty .# over R[t] is G = {u?® + 2uvt + v**,uv +
v i, uz + vat + uyt + oyt?, 2% + 2oyt + y? 2 uy + oyt, oyt? + xy + YA+ gt o +

yat, yzt? + yz, 22,03 vy, vyt oy? + gyt + R vtz vt
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Thus specializing, by t — «a we have

Fitty Ay = (u* + 20uv + o®v* uv + av®, ur + ave + auy + vy, 2 + 2axy + oy,
uy + avy, (1 + o®)zy + a(l + &®)y?, 22 + ayz, (1 + o®)yz,
2,0% vy, vy ay? + oy’ (14 a®)y? vz, ¢
over the local ring of the A% singularity. The factors of 1 + o appearing in the ideal

will yield a different standard basis when o = 7, and so we will deal with this case

first. For a = ¢ = v/—1, a standard basis for Fitt, .Z;* is

G, = {u2 + 2iuw — v, ww — v? ux + v + duy — vy, 2 + vy — y*

uy + vy, vz + iyz, 2%, 0%, vy, g oy? + iyt vtz yth

Now assume « # i. First, we remove some of the redundant generators, and then
show the resulting generating set is a standard basis. Denote the current generators
of Fitte A, by ¢1,...,g16, respectively. We claim that for all other o a standard

basis for Fitty 4, is

{u2 + aquv, uv + 04112, ur + avr + auy + oz2vy, 2 + 2y + oz2y2,

uy + avy, vy + ay’, vz + ayz, yz, 2%, 0%, 0y, vy v

Denote these generators by fi,..., fi3. Clearly, we have Fitty ZF = (f1,..., f13),
since a? + 1 is a unit. To show this is a standard basis, notice the f;’s are the same
generators of the standard basis for Fitty .Z in the A’; case for 2 < k < 2000.
Hence, the computation of the s-series will be the same for this case. Therefore,
G ={f1,..., f13} is a standard basis for Fitty Z}, for a # i.

Now let a, 8 € C such that a # 3. We claim Fitty .#,; # Fitty 4. To see this,
we have uy + avy is in a standard basis for Fitty .# . Reducing this, with respect to

the standard basis we found for Fitt, .Zj, we have
uy + avy = uy + fuy + (a — Bvy.
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In our monomial ordering we have vy < uy and no other leading terms in our standard
basis for Fitty 43 divide vy. Thus, the remainder of reducing uy+avy is (o — f)vy #
0. Therefore, uy + avy ¢ Fitty 47, and so Fitty 4 # Fitty #;. Hence, as in the
previous cases, for each o € C, ., is distinct. The discussion on indecomposability,
from the E}i and Di cases, holds for this case as well. Consequently, we get the two

theorems below in the A% case.

Theorem 3.16. Let R be the type Ai local ring from our family, F for 1 < k < 2000.
Then, for each o« € C, the R-module, .#,, generated by the column space of the

matriz,

22 xy xz 0 0 au-+axv

0 0 0 2% zu u?

is a rank two mazximal Cohen-Macaulay module. Moreover, if a # p € C, then

My E M.

Theorem 3.17. The local ring of a type Ai singularity has infinite Cohen-Macaulay

representation type for 1 < k < 2000.
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